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Abstract: This note proposes an improved upper bound of the coefficients τ(n) of the 
modular function ∆(z) using elementary method. It improves a well known estimate of 
Deligne on the tau function τ(n). 
 
 
 
 
The tau function τ(n) is defined as nth coefficient of the Fourier series 
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where q = ei2πz, z ∈ℂ. The function f(z) is identical (up to a constant) to the discriminant 
modular form  
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which is a cusp form of weight 2k = 12. The corresponding Dirichlet series and Euler 
product expansions are 
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The tau function satisfies the identities 
 
τ(pn) = τ(p)τ(pn−1) − p11τ(pn−2),   p prime, 
 
τ(mn) = τ(m)τ(n),     gcd(m, n) = 1. 
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earlier work on the magnitudes of the coefficients c(n) states the following.  
 
Theorem 1.   (Hecke 1939) The coefficients c(n) of the Fourier series of a cusp form of 
weight 2k satisfy | c(n) | ≤ cnk, where c > 0 is a constant, and n ≥ 1. 
 
The proof based on elementary method is well known, see [5], [6, p. 239]. Subsequent 
authors have obtained better estimates of order of magnitudes close to O(nk−1/4+ε), see [1, 
p. 136]. Further, the work of Deligne on the Riemann hypothesis for varieties over finite 
fields improves this estimate to | c(n) | ≤ σ0(n)nk−1/2, see [2], [6, p. 239]. In particular, 
there is the following well known result, which proved a conjecture of Ramanujan.  
 
Theorem 2.   (Deligne 1969)   For all n ≥ 1, | τ(n) | ≤ σ0(n)n11/2, where σ0(n) is the 
number of divisors of n. 
 
This estimate has not been improved since its introduction, see [9, p. 31], [3, p. 297] and 
similar sources. The new estimate is a straight forward application of the formula below, 
and a sharp estimate of the divisor function. 
 
Theorem 3.   ([8])   For all n ≥ 1 the tau function is given by 
 
∑
−
=
−+−−=
1
1
22344 )()()185235(24)()(
n
k
knknknkknnn σσστ . 
 
The divisor function σ(n) has an average value of π2n/6, this follows from its power 
series expansion, and the asymptotic value eγnloglog(n), see [2]. 
 
Theorem 4.   ([7], [10]) Let n ≥ 3, then 
n
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< cnloglog(n), where c > 0 an absolute constant. 
 
The proposed improvement is the following. 
 
Theorem 5.   For all n ≥ 1, | τ(n) | ≤ (2c2 + c)n5loglog(n)2. 
 
Proof: Applying σ(n) < cnloglog(n) in the tau formula yields 
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The last sum is a linear combination of elementary power sums 
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where the ci are rational constants depending on t > 0. 
 
The partial sum of the coefficients of a modular function of weight 2k is known to satisfy 
the asymptotic expression 
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as N → ∞, with c > 0 constant, see [5, p. 71]. 
 
The new estimate appears to give either a counterexample or an improvement of the 
partial sum of coefficients of the modular function ∆(z) of weight 12. Specifically, the 
partial sum of the tau function satisfies the relations 
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